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, Abstract. In this article we generalize the classical Sobolev's and Sobolev's trace 

inequalities on the Grand Lebesgue Spaces instead the classical Lebesgue Spaces. 

We will distinguish the classical Sobolev's inequality and the so-called trace 
Sobolev's inequality. 
1^ . We consider for simplicity only the case of whole space. 
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Introduction. Notations. Statement of prob- 
lem. 



A. Ordinary Sobolev's inequality. 

The classical Sobolev's inequality in the whole space R"^, see, e.g. [15], chapter 
11, section 5; [30], [31] etc. asserts that for all function /, / : R"^ R, m > 3 from 
the Sobolev's space Wp{R"^), which may be defined as a closure in the Sobolev's 
norm 

\\f\\wiiRn = \f\p + \Df\ 

of the set of all finite continuous differentiable functions /, / : R"^ — R, that 
\f\q < Kmip) \Df\p, q = q{p) = mp/{m-p), p G [l,m), q G (m/(m - 1), cx)). (1) 



1 



1/p 



Here m = 3, 4, . . . ; 

Df = {df/dxi, df/dx2, df/dxs, df/dxm} = grad/, 



Y.^df/dx,f 



u=i 



1/2 



p — 1 


i-i/p 


r(l + m/2)r(m) 


l/m 


m — p 




V{m/p) r(l + m — m/p) 





The best possible constant in the inequahty (1) belongs to G.Talenti [31]: 



B. Trace Sobolev's inequality. 

Let m, n = 1, 2, . . . , xe R"", y e R",z^ {x, y} e R^+", u = u{x, y) = u{z) be 
any function from the space Wp{R"^^"'). 

We consider in this case only the so-called radial functions. In detail, we define 
as usually for the vectors x = x = {xi, X2, ■ ■ ■ , Xm} and y = y = {yi, y2, ■ ■ ■ , yn} 



1/2 



1/2 



\X\ 



and correspondingly 



^\ix,y)\^{\x\' + \y\'y^\ 



We assume that the function u = u{x,y) depended only on the variable \z\ and 
we will write for simplicity 

u{x,y) =-^(1^1). 
Let us denote N — m + n, {N > 3); S[u\{x) — u{x, 0), 

Vu = {du/dxi, du/dx2, . . . , du/dx^, du/dyi, du/dy2, . . . , du/dyn} = 
{gradw, gradw}; \Vu\p = (| grad^l^ + | grad^lp)"^^^. 

X y X y 

We will denote the class of all the radial functions Rad = Rad(ii!^); u{-) e Rad . 
Notice that the operator S[u] is correct and continuously defined in the Lp{R^) 
in the following sense: 



hm \u{;y)-S[u]\Lp{R"^) = 0, 
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see [3], chapter 5, section 24. 

The following inequality is called the Soholev's trace inequality: 

\S[u]{-)U,m < KmM ■ |Vxi|p,Ar, q = q{p) = mp/{N-p), p e [1,7V). (2). 

We will understand further under the constant Km,n{p) in the inequality (2) its 
minimal value, namely: 

, u e Wi{R"'+'') n Rad(i?^), V« 7^ o| . (3) 
It is evident K{m, 0) = K{m). 

More information about the constant Kjn,n{p) see, for instance, in the articles 
[1], [21], [32], [5], [7], [18], [33], [8], [9], [19] etc., see also reference therein. 

Our aim is generalization of Sobolev's-type inequalities (1), (3) on 
some popular classes of rearrangement invariant (r.i.) spaces, namely, on 
the so-called Grand Lebesgue Spaces G{ip). We intend to show also the 
exactness of offered estimations. 

Hereafter C, Cj will denote any non-essential finite positive constants. We define 
also for the values {pi,P2), where 1 < Pi < P2 < oo 

Lipi,P2) = npG(pi,p2) Lp- 

The paper is organized as follows. In the next section we recall the definition 
and some simple properties of the so-called Grand Lebesgue Spaces G{iIj). In the 
section 3 we formulate and prove the main result: the classical Sobolev's inequality 
for G{ip) spaces with the exact constant computation. 

In the section 4 we investigate the trace Sobolev's inequality for radial functions, 
also with the exact constant computation. 

The last section contains some concluding remarks: a weight generalizations of 
ordinary and trace Sobolev's inequality 



Km,n{p) = sup 



|Vw|„ 



2 Auxiliary facts. Grand Lebesgue Spaces. 

Definition. 

Recently, see [16], [10], [11], [12], [13], [14], [22], [23], [24], [25], [26], [27] etc. 
appears the so-called Grand Lebesgue Spaces GLS = G{il}) — G{ip] A,B), A.B — 
const, A > 1, A < B < oo, spaces consisting on all the measurable functions / : 
T ^ R with finite norms 

wfWGw'^' sup [\fym]- 

pe{A,B) 
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Here is some continuous positive on the open interval {A, B) function such 
that 



inf V'b) > 0, sup V'(p) = oo. 

p&{A,B) P&{A,B) 

We can suppose without loss of generahty 

inf ihip) = 1. 
pe{A,B) 

This spaces are rearrangement invariant, see [2], and are used, for example, in 
the theory of probability [17], [16], [22]; theory of Partial Differential Equations [11], 
[14]; functional analysis [25], [26]; theory of Fourier series [28], theory of martingales 
[23] etc. 



3 Classical Sobolev's inequality for Grand 
Lebesgue Spaces. 

We recall q = qip) = mp/ {m — p), p e [1, m), or equally 

p = p[q) = , q e [m/{m - 1), oo). 

m + q 

Let ■?/'(■) be arbitrary function from the set G'\E'(1, m). We define the new function 
^ipiq) = ^{q) from the set G^{m/{m — 1), oo) as follows: 

= Km [-^^^ . ^ ^ q e [m/(m - 1), oo). (4) 

\m + qj \m + qj 

Theorem 1. The following Sobolev's type inequality holds: 

\\u\\G{p^)<l-\\Vu\\Gi^), (5) 

and the constant "one" in the inequality (5) is the best possible. 

Remark 1. It is presumed in the assertion (5) of theorem 1 that the right-hand 
side of the proposition of theorem 1 is finite. 

Proof. 

A. The upper bound. Let the function u — u{x) be such that 

V« e n^e(i,m)%'(i?"^) 

and 

||Vm||G'(^) e (0,oo); 
we can assume without loss of generality 

\\Vu\\G{iP) = 1. 
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It follows from the direct definition of norm for the G{ip) spaces that 

|Vm|p < ip{p), p e i^,m). 
We use now the Talenti's inequality (2): 

\u\pm/im-p) < Km{p) ' P E (l,m). (6) 

The proposition of theorem 1 follows from (6) after the substitution 

p — , q e [m[m — 1), oo) : 

m + q 

\uU < . ij ^ ^ . ||Vk||G(V'); 

\m + qj \m + ql 



\u\ 



v{q) 

therefore 



<\\Vu\\G{i^)- 



\u\\G{u^) = sup 

9 



< ||Vm||G'(^). 



B. Proof of the low bound. 

1. Let us introduce the following important functional: V — 

sup sup sup ( I i^^j-'i^^l , : / € g(^) n WiiR^), Vf^o]. (7) 

We proved that V < 1; it remains to ground the opposite inequality. 

Let us consider the following example (more exactly, a family of examples) of a 
functions: 

fA^fA{x)^\log\x\ |^-/(|X|<1), 

where A = const > 1, 

I{\x\ < 1) = 1, \x\ < l;I{\x\ < 1) = 0, > 1. 

So, /a(.t) is radial function and /a(-) G G'(V^) n W^{R"'),VfA{-) + 0. 
We calculate denoting 



L)j{m) 



r(m/2) ■ 
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We can rewrite the expression for the value V as follows: V 



sup sup sup 

VeG*(m/(m-l),m) 



supJ|/|,/%)] ,f^Gi^)nwiiRn,Vf^o] 



.sup,[|V/|,/V^(p)] 



(8) 



When we choose f — /a and = '0a(p) |V/a|p, we obtain the following low 
bond for the value V : V > Vq, where 



Vo = sup sup 

p€(l,m) 



l/A|g(p) 



(9) 



Substituting the expressions for I/aI^, |V/a|p and for K^{p) into the formula 
(9), we obtain after some calculations by means of Stirhng's formula for all the 
admissible values m, A : 



Vo > hm 

p—^m—O 



I/a! 



9(p) 



m 



A^A-lg-A 



1^0 > lim Voo{m, A) = 



(m - l)i-Vm rVm((A - l)m + 1) 
A ^^-1 



A - 1 



l^ooo(A). 



Finally, 



Vo > lim \/ooo(A) = 1. 

A-i^oo 



This completes the proof of theorem 1. 



4 Trace Sobolev's inequality for Grand Lebesgue 
Spaces. Radial case. 

We recall that we consider in this section only radial functions u{z) — u{x, y) — 
u{\z\) and that here 

q = q{p) = mp/{N -p), p e [po, N], po =^ max(7V/(m + 1), 1), 

or equally 

P = P{Q) = ^ ^ '^)- 

Let ^(■) be arbitrary function from the set G^(po, -^)- We define the new function 
Ctjj{q) = C(?) from the set oo) as follows: 
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CM-K^i^]-^i^]:Q^[hoo). (10) 
\m + q J \m + q J 

Theorem 2. The following trace Sobolev's type inequality holds: 

\\u\\G{iy^)<l-\\Vu\\G{^), (11) 

and the constant "one" in the inequality (11) is the best possible. 

RemEirk 2. As in the remark 1, it is presumed in the assertion (11) of theorem 
2 that the right-hand side of the proposition of theorem 2 is finite. 

Proof is alike to the proof of the assertion of theorem 1. 

A. The upper bound. Let the function u = u{z) = u{\z\) be radial function: 
m(-) e Rad{R^) and such that 

Vu e npe(p„,^)W;^(i?^), Vu ^ 0. 

We assume without loss of generahty that 

\\Vu\\G{iP) = 1. 

It follows from the definition of norm for the G{t/j) spaces that 

\Vu\p < '0(p), p e bo,^)- 
It follows from the definition of the constants Kjn,n{p) (inequality (3)): 

\S[u] \pm/{N-p) < K,n,n{p) ' ^{p), P ^ (Po, N). (12) 

The proposition of theorem 2 follows from (12) after the substitution 

P = — , Q e (l,oo) : 

m + q 

\S[u]U < K^,u (^] ■ (^] = Ciq) = Ciq) ■ \\^u\m); 
\m + qj \m + q J 



Ciq) 

thus 



<||Vw||G(^); 



||%]||G(C^)=sup 
B. Proof of the low bound. 



\S[u]U 
Ciq) . 



<\\Wu\\G{i^). 



1. Let us introduce again the following important functional (with at the same 
notation as in the last section): V{m,n) — 
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sup sup sup I '^ll^/f,^ : V/ e G(V') n V/ ^ o| . (13) 



AT 



We proved that V{m,n) < 1; it remains to ground an opposite inequality. 
2. Let us consider again the used examples of a functions: 

/A = /A(;^) = |log|;.| |^-/(|^|<1), (14) 

where A = const > 1. 

So, /a (a;) is radial function and such that V/a(-) G G{ilj)nW^{R^), V/a(-) 0. 



We calculate as before: 



\s[U]\, 



CO 



i/«(m) ri/«(Ag+ 1) 



IV f I - A n^/p(m r^/np(A - 1) + 1) 



(15) 
(16) 



3. We do not know, in contradiction to the case of ordinary Sobolev's inequality, 
the exact value of a constant Km,n{p)- In order to prove the proposition of theorem 
2, we need to obtain the upper estimate for this constant. 

Let us estimate the constant Km,n{p)- As long as the function /(•) is radial, we 
can rewrite the inequality (2) using the multidimensional spherical coordinates as 
follows: 



^m—l 



ds 



g{t) dt 



POO 

/ s^'-'lgis)]^ ds 
Jo 



1/p 



(17) 



Further we will use the result belonging to Bradley [6]; see also [19], which is a 
weight generalization of the classical Hardy-Littlewood inequality. It asserts that 
the following inequality is true: 



u{x) / fit)dt 



1 9 



dx 



1/9 



<C x\ [v{x)f{x)Y dx 



i/p 



where u{x),v{x) > 0,1 < p < q < oo, 

Q{p) :=pi/^-(p/(p-l))(^-i)^ 

B <C <B-Q{p), 



B — sup J{w), J{w) = Ji{w) ■ J2{'w), 

w>0 
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J,(w) = ^ u''(x)dxj ; J2(w) = (^J (v(x))-^-^^/P dxj . (19) 

Note that the case p < q, i.e. p > n is sufficient in order to prove the second 
assertion of theorem 2, as long as we put further p ^ N — 0. 
We compute in the considered case: 



(p-i)/p 



Ji(w) = m-'/« J2H 



p — 1 



1-1/p 



w 



-(N-p)/p 



N -p 

Hence, the expression for the value of B is finite only in the case when 

m N — p 
Q 

or equally 



P 
mp 



N-p' 



i.e. as in the conditions of theorem 2. 
We conclude in the considered case: 



B = m-^/« 



p — 1 
N-p 



1-1/p 



and following 



p — 1 



N-p 



1-1/p 



C < Q{p) ■ m-^/« 

1-1/p 



Q{p) ■ m 



-l/q 



P — 1 

N-p 



(20) 



4. We can rewrite the expression for the value V{m,n) as follows: V{m,n) 



sup sup 

N tpeG'i/{rn/{m—l),m) 



Isup [|V/|p/V^(p)] ^ J 



(21) 

When we choose / = /a and ipi^p) = ipi^{p) := |V/a|p, we obtain the following low 
bond for the value V{m,n) : V{m,n) > Vo(m, n), where 



Vo(m,n)= sup sup sup 

A6(l,oo) N pe(j>o,m) 



I/a 



lip) 



_Km,n(p) |V/a|p_ 

Substituting the expressions for I/aIq, |V/a|p into the formula for the value 

V{m,n), tacking into account the inequality Kmji{p) < K^^{p), we obtain after 
some calculations by means of Stirling's formula for all the admissible values m, p, A : 
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Vnfm, n) > lim 



A\q{p) 



- =: \/ooKn;A,Ar); 



(22) 



Vo(m,n)> lim Voo(^«, n; A, iV) = e ^ 

N—>-oo 



A 



A-1 



A-l 



=: Hoo(m,n;A). (23) 



Finally, 



Vo(m,n) > lim Vooo{m,n){A) = 1. 

A— ^oo 



(24) 



This completes the proof of theorem 2. 

Note that at the same result may be obtained from the estimation in [4] , chapter 
1, section 2: 



mlN — p) 



uj^/''{m)\S[u]\g<uj^/P{N) 
hence 



Vim,n) > lim lim lim 



p{m -1) + N' 



l-{p-n)/{mp) 



\Wu\p, (25) 



p(m - 1) + iV 
'm{N — p) 



l-{p-n)/{mp) 



(26) 



Aj<?(p) 



= 1. 



5 Concluding remarks. Weight Sobolev's in- 
equalities. 

A. We introduce the so-called weight trace operator by the formula 

Sa[u\{x) = • u{x, 0), u{z) = u{x, y) = u{\z\), 

i.e. 'u(-) e Rad(R^). 

Let us consider a weight Poincare-Sobolev trace inequality of a view: 

\SMU < KZ,niP) ■ l^^ulp, (27) 

a = const e [0, 1], p e (pi, A^/(l - a)), 

pi =^ max(iV/(m + 1 - a), 1) < iV/(l - a); = +oo; (28) 



where 
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P= T^^' (29) 

m + q{l — a) 

and we understood the value K^^{p) as the its minimal value: 

\S-a[u\ 



u:Vu^O 



p 



<oo,pe {pi,N/{l-a)). 



Notice that in the case a = we obtain the Sobolev's inequality and the case a — 1 
correspondent the so-called modified Poincare's inequality. 
Let ip e N/{1 — a)); we introduce a new function 

= • ■ (30) 

\m + q{l-a)J \m + q{l - a) J ^ ' 

Theorem 3. The following generalized trace Sobolev-Poincare type inequality 
holds: 

\\SM\\Gi9,^)<l-\\Vu\\Gi'4,), (31) 

and the constant "one" in the last inequality is the best possible. 

Proof is at the same as in the theorem 2, with at the same "counterexamples" 
and may be omitted. 

B. Note that the low houndioi Sobolev's trace embedding constants, for instance, 
y(m, n) > 1, are true for arbitrary, i.e. not only for radial functions. 

C. The exact value for the degree q in the generalized Poincare-Sobolev inequal- 
ity, namely 

, . mp 
^^^^^^^ Ar-p(l-a) 

may be obtained by means of the so-called dilation method, offered by Talenti [31]. In 
detail, let us define as usually the family of dilation operators 7a[/], A e (0, oo), / : 
R'' ^ R, A; = 1, 2, . . . , of a view: 

Tx[f]{x) = f{x/X). (32) 

Suppose the inequality (27) is satisfied for some admissible radial function such that 
Vu e Wl{R^),Vu ^ 0. As long as « G W^{R^) T^u e W^{R^), we have 
rewriting the inequality (27) for the function T^u : 

\S^[T,u]\, < K:,^^(p) ■ \VT,u\„ (33) 
tacking into account the equalities: 
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WT^[u]{z)^X-'u{z/X), 
\VTM\p,N = X""^'-' \u\p,n: 

X"'/'^--\SMkm < K^,n{p) A"^/"-' |Vw|p,^. (34) 
Since the value A in the last inequality is arbitrary in the set (0, oo) , we conclude 

m/q — a — N/p — 1 

or equally 

p m 
N -p{l-a)' 
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